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In this paper, we study the gravitational waveforms, polarizations and radiation powers of the
first relativistic triple systems PSR J0337 + 1715, observed in 2014, by using the post-Newtonian
approximations to their lowest order. Although they cannot be observed either by current or next
generation of the detectors, they do provide useful information to test different theories of gravity.
In particular, we carry out the studies in three different theories, General Relativity, Einstein-æther
theory and Brans-Dicke gravity. The tensor modes h+ and h× exist in all three theories and have
almost equal amplitudes. Their frequencies are all peaked at two locations, f+,×1 = 0.068658µHz
and f+,×2 = 14.212µHz, which are about twice the outer and inner orbital frequencies of the triple
system, as predicted in GR. In æ-theory, all the six polarization modes are different from zero,
but the breathing (hb) and longitudinal (hL) modes are not independent and also peaked at two
frequencies. A somehow surprising result is that, for hb and hL, the peaked frequencies are not twice
the outer and inner orbital frequencies, as for the h+ and h× modes, but instead, they are almost
equal to them, fb,L1 = 0.045772µHz and f
b,L
2 = 7.0947µHz. A similar phenomenon is also observed
in BD gravity, in which only the three modes h+, h× and hb exist, where fb1 and f
b
2 are almost
equal to outer and inner orbital frequencies. We also study the radiation powers, and find that the
quadrupole emission in each of the three theories has almost the same amplitude, but the dipole
emission can be as big as the quadrupole emission in æ-theory. This provides a very promising
window to obtain severe constraints on æ-theory by the multi-band gravitational wave astronomy.
I. INTRODUCTION
The concept of gravitational waves (GWs) was first
developed by Einstein in 1916 right following his general
theory of relativity (GR). He proposed that GWs are the
ripples of spacetimes that are propagating with the speed
of light [1]. A century passed, the Laser Interferometer
Gravitational-Wave Observatory (LIGO) first verified his
GW theory by directly detecting the GW signal on Sep.
14, 2015 [2]. After this, ten more GWs have been de-
tected by LIGO Scientific Collaboration and Virgo Col-
laboration [3–8]. The sources of these eleven GW events
are all binary systems of black holes, except for the event
GW170817, which is a binary system of neutron stars [7].
In fact, there are about 13% of low-mass stellar sys-
tems containing three or more stars [9], and 96% of low-
mass binaries with periods shorter than 3 days which
are part of a larger hierarchy [10]. Recently, a realistic
∗Corresponding Author
†Electronic address: Anzhong˙Wang@baylor.edu
triple system was observed, named as PSR J0337 + 1715
(J0337) [11], which consists of an inner binary and a third
companion. The inner binary consists of a pulsar with
mass m1 = 1.44M⊙ and a white dwarf (WD) with mass
m2 = 0.20M⊙ in a 1.6 day orbit. The outer binary con-
sists of the inner binary and a second dwarf with mass
m3 = 0.41M⊙ in a 327 day orbit. The two orbits are
very circular with its eccentricities eI ' 6.9 × 10−4 for
the inner binary and eO ' 3.5× 10−2 for the outer orbit.
The two orbital planes are remarkably coplanar with an
inclination . 0.01o [See Fig. 1].
A triple system is an ideal place to test the strong
equivalence principle [12]. Remarkably, after 6-year ob-
servations, recently it was found that the accelerations of
the pulsar and its nearby white-dwarf companion differ
fractionally by no more than 2.6× 10−6 [13], which pro-
vides the most severe constraint on the violation of the
strong equivalence principle.
In this paper, we investigate this triple system in three
different theories of gravity, General Relativity (GR),
Einstein-aether theory (æ-theory) and Brans-Dicke (BD)
gravity, by using the post-Newtonian approximations to
their lowest order. We shall pay particular attention on
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2the differences predicted by these theories. Although nei-
ther the current generation of detectors nor the next one
can detect the GWs emitted by this system 1, it serves
well as a realistic example to show clearly the different
predictions from each of these theories. In particular, we
shall study, gravitational waveforms, their polarizations,
Discrete Fourier transfom (DFT) of polarizations as well
as the radiation powers. Among the modified theories
of gravity, æ-theory locally breaks the Lorentz symmetry
by introducing a globally time-like unit vector field (the
æther) [14], while in BD gravity the gravitational inter-
action is mediated by both a scalar and a tensor fields
[15].
Specifically, the paper is organized as follows: In Sec.
II, we study the gravitational waveforms, polarization
modes and their DFTs in GR, æ-theory, and BD gravity
respectively, while in Sec. III we investigate the radiation
powers of the GW in each theory. Due to the presence
of the extra vector and scalar fields in æ-theory, and the
extra scalar filed in BD gravity, the total emission power
is different in each of the three theories. In particular, we
find that the dipole emission in æ-theory can be as large
as the quadrupole emission in GR, which can provide a
very promising window to obtain severe constraints on æ-
theory by the multi-band gravitational wave astronomy
[16]. There is also an appendix, in which we present a
very brief introduction to æ-theory [14].
Before turning to the next section, we would like to
note that, in the framework of æ-theory, Foster [17] and
Yagi et al [18] derived the metric and equations of motion
to the 1PN order for a N-body system. Recently, Will ap-
plied them to study the 3-body problem and obtained the
accelerations of a 2-body system in the presence of the
third body at the quasi-Newtonian order [19]. For nearly
circular coplanar orbits, he also calculated the “strong-
field” Nordtvedt parameter ηˆN . For triple system J0337,
ignoring the sensitivities of the two white-dwarf compan-
ions, Will found that ηˆN is given by ηˆN = s1/(1 − s1),
where s1 denotes the sensitivity of the pulsar.
In this paper, we will adopt the following conventions:
All the repeated indices i, j, k, l (i, j, k, l = 1, 2, 3) will be
summed over regardless of their vertical poition, while re-
peated indices a, b, c (a, b, c = 1, 2, 3) will not be summed
over unless the summation is explicitly indicated. We
set the speed of light equal to one (c = 1). The metric
signature is (−,+,+,+). Since J0337 is a triple system,
there exists no analytical orbit, we are using the numer-
ical orbit supplied by Dr. Lijing Shao [12].
1 The frequency of the GWs emitted by this system is about 10−8
Hz. With this frequency, only the pulsar timing array (PTA),
such as IPTA and SKA, can detect such GWs. But, the am-
plitudes of these GWs are far below the sensitivities of these
detectors.
FIG. 1: Orbit of the NS, inner WD and the outer WD where
ls stands for the light second. This plot shows the trajectories
observed in the center-of-mass coordinate system for about
330 days starting from 01-04-2012 [12].
II. GRAVITATIONAL WAVEFORMS AND
THEIR POLARIZATIONS
When a GW passes two test masses, the distance be-
tween them will be changed. Assuming that ζi denotes
the spatial coordinates between these two test masses in
the Minkowski coordinates xµ = (t, x, y, z), the equations
of the geodesic deviation in the weak-field approxima-
tions read,
ζ¨i = −R0i0jζj , (2.1)
where Rµναβ denotes the linearized Riemann tensor,
which is determined by the field equations of a given
theory. Different theory yield different components of
R0i0j . Therefore, in the following we shall consider GR,
æ-theory and BD gravity separately.
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FIG. 2: In the upper panel, the plus polarization h+, respec-
tively, in GR, æ-theory and BD gravity are plotted, while their
relative differences with respect to GR, given by Eqs.(2.22)
and (2.33) are plotted out in the bottom panel.
A. Gravitational Waveforms and Their
Polarizations in GR
In GR, the equations of the geodesic deviation take the
form [20],
ζ¨i = −R0i0jζj = 1
2
h¨TTij ζ
j , (2.2)
where
hTTij (t,x) =
2GN
R
Q¨TTij (t−R), (2.3)
with R ≡ |x| denoting the distance from the observer
to the source and GN denoting the Newtonian constant.
In the above equations, TT represents the transverse-
traceless part of the tensor, which can be obtained by
applying TT operator Λijkl,
Λijkl(N) = PikPjl − 1
2
PijPkl, (2.4)
where Pij(N) = δij −NiNj . Let’s introduce a set of or-
thorgonal bases, (eX , eY , eZ), where eZ ≡ N denotes the
propagation direction of the GW from the source to the
Δh
x
æΔh
x
BD
11.0 11.5 12.0 12.5
-1.4
-1.2
-1.0
-0.8
-0.6
-0.4
-0.2
0.0
t (day)
Δh x(t)
(10-5
)
FIG. 3: In the upper panel, the cross polarization h×, respec-
tively, in GR, æ-theory and BD gravity are plotted, while their
relative differences with respect to GR, given by Eqs.(2.22)
and (2.33) are plotted out in the bottom panel.
observers. Thus, (eX , eY ) forms a plane orthogonal to
the propagation direction N of the GW. In the (t, x, y, z)
coordinates, they are given by,
eX = (cosϑ cosϕ, cosϑ sinϕ,− sinϑ) ,
eY = (− sinϕ, cosϕ, 0) ,
eZ = (sinϑ cosϕ, sinϑ sinϕ, cosϑ) , (2.5)
where ϑ and ϕ are the two spherical angular coordinates.
In the case of J0337, ϑ and ϕ are 0◦ and 270◦, respec-
tively [11]. In GR, hTTij has only two degrees of freedom
corresponding to the plus (“+”) and cross (“×”) polar-
izations, which are given by,
hGR+ =
GN
R
Q¨kle
kl
+ , h
GR
× =
GN
R
Q¨kle
kl
× , (2.6)
where ekl+ ≡ ekXelX − ekY elY , ekl× ≡ ekXelY + ekY elX . In Figs.
2 and 3, we plot these two polarizations, from figures
it can be seen that the amplitudes of both polarizations
are about 10−22, which is in the range of the designed
sensitivity of the current generation of the ground-based
detectors, such as, LIGO, Virgo and KAGRA, but not
4their frequencies (See, e.g. [21]). This is because the or-
bital frequency of J0337 is out of the observational bands
of the current detectors. You can find the frequencies of
these two polarizations easily from Figs. 4 and 5.
To obtain the Fourier transform for each polarization
mode, instead of using the continuous Fourier trans-
form, h˜A(f) = (2pi)
−1 ∫ hA(t)e−i2piftdt, we adopt the
discrete Fourier transform (DFT). First, the time in-
terval of signal hA(t) is divided into N − 1 subinter-
vals, t = {t0, t1, ..., tN−1}, tm = m∆t, ∆t is the length
of subinterval. Then we have a list of dicrete values
hmA ≡ hA(tm), and we get the DFT accodrding to the
following formula
h˜nA =
1
N
N−1∑
m=0
hmA e
−i2pinm/N , (2.7)
where h˜nA ≈ h˜A(f), f = {f0, f1, ..., fN−1}, fn =
n/(N∆t). In this paper, we shall use the built-in function
of software Mathematica to calculate DFT of waves.
With this in mind, in Figs. 4 and 5 we plot h˜GR+ (f)
and h˜GR× (f), respectively. In these figures, there are two
peaks and the corresponding frequencies are
f+,×1 = 0.068658µHz ' 2.0fo,
f+,×2 = 14.212µHz ' 1.9fi, (2.8)
where fo and fi represent outer and inner orbital fre-
quencies of the triple system J0337 [11],
fo = 0.035µHz, fi = 7.103µHz. (2.9)
Thus, f+,×1 and f
+,×
2 are about twice of the outer and
inner orbital frequencies of the triple system, but not
exactly. In GR, for a binary system the GW frequency
is exactly equal to two times of their orbital frequency
[20]. However, it must be noted that here the difference
is due to the presence of the third component of the triple
system.
B. Gravitational Waveforms and Their
Polarizations in æ-theory
In æ-theory, the equation of the geodesic deviation
reads [22],
ζ¨i = −R0i0jζj ≡ 1
2
P¨ijζj , (2.10)
where
Pij = φij − 2c13
(1− c13)cV Ψ
I
(iNj)
− c14 − 2c13
c14(c13 − 1)c2S
ΦIINiNj + δijΦ
II, (2.11)
and φij , Ψ
I
i and Φ
II are, respectively, the gauge-invariant
quantities of the tensor, vector and scalar modes defined
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FIG. 4: In the upper panel, DFTs of the plus polarization
h˜+(f), respectively, in GR, æ-theory and BD gravity, are
plotted out, in which the two peaked frequencies have been
marked. The inserted images show the tiny differences at the
two peaked frequencies among the three different theories,
where f1 = 0.068658µHz, f2 = 14.212µHz. In the bottom
panel, their relative differences with respect to GR, given,
respectively, by Eqs.(2.23) and (2.34) are plotted out.
in [22]. The quantities cV and cS denote the speeds of the
vector and scalar modes, respectively. Due to their pres-
ence, the polarizations of a GW have five independent
5Δ|h˜xæ|Δ|h˜xBD|
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FIG. 5: In the upper panel, DFTs of the cross polariza-
tion h˜×(f), respectively, in GR, æ-theory and BD gravity are
plotted out, in which the two peaked frequencies have been
marked. The inserted images show the tiny differences at the
two peaked frequencies among the three different theories,
where f1 = 0.068658µHz, f2 = 14.212µHz. In the bottom
panel, their relative differences with respect to GR, given,
respectively, by Eqs.(2.23) and (2.34) are plotted out.
modes which are given respectively by [22]
hæ+ ≡
1
2
(PXX − PY Y ) = Gæ
R
Q¨kle
kl
+ , (2.12)
hæ× ≡
1
2
(PXY + PY X) = Gæ
R
Q¨kle
kl
× , (2.13)
hæb ≡
1
2
(PXX + PY Y )
=
c14Gæ
R(2− c14)
[
3(Z − 1)Q¨ijeiZejZ
− 4
c14cS
Σie
i
Z + ZI¨
]
, (2.14)
hæL ≡ PZZ =
[
1− c14 − 2c13
c14(c13 − 1)c2S
]
hæb , (2.15)
hæX ≡
1
2
(PXZ + PZX) = 2c13Gæ
(2c1 − c13c−)cVR
×
[
c13Q¨jke
k
Z
(1− c13)cV − 2Σj
]
ejX , (2.16)
hæY ≡
1
2
(PY Z + PZY ) = 2c13Gæ
(2c1 − c13c−)cVR
×
[
c13Q¨jke
k
Z
(1− c13)cV − 2Σj
]
ejY , (2.17)
where c− ≡ c1 − c3, Gæ = GN (1 − c14/2), PXY ≡
PijeiXejY , and so on. We have also defined,
Qij = Iij − 1
3
δijI,
Iij =
∑
a
max
i
ax
j
a, (2.18)
where xia is the location of the a-th body and I ≡ Ikk. For
more details, see [22]. From the above expressions, in ad-
dition to the usual plus and cross polarization modes, æ-
theory predicts three extra independent modes, hæb , h
æ
X
and hæY . Comparing to h
æ
+ and h
æ
×, these extra modes
are suppressed, respectively, by a factor, c14 . 10−5 and
c13 . 10−15 [22]. The longitudinal mode hæL is propor-
tional to the breathing mode hæb .
In the following, let us first consider the case,
c1 = 4× 10−5, c2 = 9× 10−5,
c3 = −c1, c4 = −2× 10−5, (2.19)
which satisfy all the theoretical and observational con-
straints given by Eq.(A.11) (See also [23]). Note that for
this choice we have c13 = 0, and then the two modes h
æ
X
and hæY vanish identically,
hæX = h
æ
Y = 0, (c13 = 0). (2.20)
So, in the rest of this paper, we shall not consider them
any further.
In Figs. 2 and 3, we plot the two polarization modes
hæ+ and h
æ
×, while in Figs. 4 and 5, we plot their DFTs.
6From these figures, it can be seen clearly that these two
modes are almost identical to the ones given in GR, after
all the constraints of æ-theory are taken into account. In
fact, we have
hæ+,×
hGR+,×
= 1− 1
2
c14. (2.21)
The differences between æ-theory and GR are determined
by c14,
∆hæ+,× ≡
hæ+,× − hGR+,×
hGR+,×
= −1
2
c14. (2.22)
Recall that c14 . 2.5 × 10−5. Therefore, the signals of
these two modes in æ-theory and GR are overlapping,
their frequencies are precisely the same, as shown in Figs.
4 and 5. Similarly, the differences in frequency domain
can be defined as
∆|h˜æ+,×| ≡
(
|h˜æ+,×| − |h˜GR+,×|
)
/|h˜GR+,×|. (2.23)
In Fig. 6, we plot hæb and h
æ
L, which are about three
orders lower than hæ+ and h
æ
×. In Fig. 7, we plot the
DFT of the hb and hL. It is remarkable that now the
two peaked frequencies are approxiamtely equal to the
outer and inner orbital frequencies.
f b,L1 = 0.045772µHz ' 1.3fo,
f b,L2 = 7.0947µHz ' 1.0fi, (2.24)
where fo and fi are given by Eq.(2.9). f
b,L
1 and f
b,L
2 are
almost equal to the outer and inner orbital frequencies of
the triple system.
Recently, we find that, for binary systems in æ-theory,
the polarization modes hb and hL all contain two fre-
quencies, one is equal to the binary’s orbital frequency
and the other is twice the orbital frequency [24]. This
confirms the above result since J0337 can be considered
a hierarchical system consisting of two binaries. Again,
the reason that f b,L1 and f
b,L
2 are not exactly equal to the
outer and inner orbital frequencies of the triple system is
due to the influence of the third component of the triple
system, rather than the predictions of the æ-theory itself.
To see further the dependence of hæb,L on ci’s, let us
first note that
hæb '
cS
1 + cS
hæL
' Gæ
2R
{
3c14Q¨ije
i
Ze
j
Z −
√
c14
c2
Σie
i
Z + 2c14I¨
}
,(2.25)
where c14/c2 . 1, as it can be seen from Eq.(A.11).
From above equation, we see that hæb,L are dependent
on c2 and c14 mainly. To see the effects explicitly, in the
following we consider two more cases.
In the first one, c2 is chosen to be different from Eq.
(2.19), now we have
c1 = 4× 10−5, c2 = 0.095,
c3 = −c1, c4 = −2× 10−5. (2.26)
FIG. 6: The breathing (hb) and longitudinal (hL) polariza-
tions in æ-theory and the breathing polarization in BD gravity
for about 500 days with another plot for about 2 days.
FIG. 7: DFT of the breathing and longitudinal polarizations
in æ-theory and the breathing polarization in BD gravity,
where two peaked frequencies have been marked. The inserted
images show the tiny differences at two peaked frequencies
among theories. f1 = 0.045772µHz, f2 = 7.0947µHz.
7In Figs. 8 and 9 we plot out the breathing (hæb ) and
longitudinal (hæL) polarization modes for this case. Com-
paring them, respectively, with Figs. 6 and 7, we find
that the amplitudes of hæb and h
æ
L decrease when c2 in-
creases, whereas their frequencies remain the same.
FIG. 8: The breathing and longitudinal polarizations in
æ-theory for different choice of parameters ci’s given by
Eq.(2.26).
FIG. 9: DFT of the breathing and longitudinal polarizations
in æ-theory for different choice of parameters ci’s given by
Eq.(2.26). f1 = 0.045772µHz, f2 = 7.0947µHz.
On the other hand, c14 is chosen to be different from
Eq. (2.19), the parameters are
c1 = 4× 10−8, c2 = 9× 10−5,
c3 = −c1, c4 = −2× 10−8, (2.27)
we plot out the corresponding hæb and h
æ
L modes in Figs.
10 and 11. Comparing them with Figs. 6 and Fig. 7, we
find that the amplitudes of hæb and h
æ
L decrease when c14
decreases, whereas their frequencies stay the same, as it
is expected from Eq.(2.25).
FIG. 10: The breathing and longitudinal polarizations in
æ-theory for different choice of parameters ci’s given by
Eq.(2.27).
FIG. 11: DFT of the breathing and longitudinal polarizations
in æ-theory for different choice of parameters ci’s given by
Eq.(2.27). f1 = 0.045772µHz, f2 = 7.0947µHz.
C. Gravitational Waveforms and Their
Polarizations in BD Gravity
The metric perturbation and scalar field perturbation
are given by [25],
θij =
2
φ0
1
R
d2
dt2
3∑
a=1
max
i
ax
j
a,
ϕBD =
4
R
(NiM˙
i
1 +
1
2
NiNjM¨
ij
2 ), (2.28)
where φ0 is the value of the BD scalar field in the
Minkowski background, which satisfies φ0 = (4 +
82ωBD)/[(3 + 2ωBD)GN ] [26], and
M i1 =
1
6+4ωBD
3∑
a=1
ma(1− 2sa)xia,
M ij2 =
1
6+4ωBD
3∑
a=1
ma(1− 2sa)xiaxja, (2.29)
where ωBD is the BD parameter of the theory. In this
paper, we choose sensitivities such that s1 (for pulsar)
= 0.2, s2 (for inner WD) = 0, s3 (for outer WD) = 0
and the coupling constant ωBD = 10
5 [13]. Note that in
writing the above expressions, we had dropped the non-
propagating terms in ϕBD. Then, the components R0i0j
of the Riemann tensor can be cast in the form,
R0i0j = −1
2
d2
dt2
[
θTTij −
ϕBD
φ0
(δij −NiNj)
]
. (2.30)
Then, it can be shown that there are only three indepen-
dent polarization modes, given, respectively, by
hBD+ =
1
2
eij+θij , h
BD
× =
1
2
eij×θij ,
hBDb = −
ϕBD
φ0
, (2.31)
which are plotted out, respectively, in Figs. 2, 3 and 6,
while their DFTs are plotted out in Figs. 4, 5 and 7.
From these figures, it can be seen that the two polariza-
tion modes hBD+ and h
BD
× are overlapping with those in
GR and æ-theory, due to the observational constraints
on the ωBD. In fact, we have
hBD+,×
hGR+,×
=
3 + 2ωBD
4 + 2ωBD
. (2.32)
The differences between BD gravity and GR are deter-
mined by ωBD,
∆hBD+,× ≡
hBD+,× − hGR+,×
hGR+,×
=
3 + 2ωBD
4 + 2ωBD
− 1. (2.33)
Recall that ωBD ∼ O(105). Therefore, the signals of
these two modes in BD gravity and GR are overlapping,
their frequencies are precisely the same, as shown in Figs.
4 and 5. Similarly the differences in frequency domain
can be defined as
∆|h˜BD+,×| ≡
(
|h˜BD+,×| − |h˜GR+,×|
)
/|h˜GR+,×|. (2.34)
From Fig. 6, the breathing mode (hBDb ) is different from
æ-theory. From Fig. 7, its DFT has also two peaked fre-
quencies and are equal to those of æ-theory, i.e., breath-
ing mode in BD gravity only has first harmonics of orbital
phase. In contrast to the polarization modes h+ and h×,
which have second harmonics of orbital phase.
III. RADIATION POWER
In GR, the total radiation power is given by [20, 27],
PGR =
GN
5
〈...
Qij
...
Qij
〉
, (3.1)
where Qij is the mass quadrupole moment defined in
Eq.(2.18) and the angular brackets denote the time aver-
age. 2. Note that in this section we shall not distinguish
the time t and its corresponding retarded time. Strictly
speaking, all the quantities should be evaluated at the re-
tarded time. However, it is not necessary for our current
purpose.
The reference frame is chosen such that the inclination
is 39.25◦, where the inclination is the angle of the orbital
plane relative to the (x, y)-plane perpendicular to the
line-of-sight from Earth to the pulsar. In Fig. 12, we plot
the radiation power in GR for about 500 days, where the
inserted image shows the details from day 12 to day 26.
FIG. 12: The instantaneous (time un-averaged) radiation
power in GR for about 500 days with an inserted plot for
about 14 days.
In æ-theory, from [22, 28] we find that
Pæ = GN
〈A
5
...
Qij
...
Qij + B
...
I
...
I + CΣ˙iΣ˙i
〉
, (3.2)
where Σi is defined as
Σi =
(
α1 − 23α2
)∑
a
(
viaΩa
)
, (3.3)
2 However, since we are considering periodic GWs, we will not take
this time average in the relevant plots. Otherwise, it will be zero
for such periodic waves. The same will also apply to the cases of
æ-theory and BD gravity.
9and
A ≡
(
1− c14
2
)( 1
cT
+
2c14c
2
13
(2c1 − c13c−)2cV
+
3(Z − 1)2c14
2(2− c14)cS
)
,
B = Z
2c14
8cS
,
C ≡ 2
3c14
(
2− c14
c3V
+
1
c3S
)
,
Z ≡ (α1 − 2α2)(1− c13)
3(2c13 − c14) , (3.4)
with [29],
α1 = −8 (c1c14 − c−c13)
2c1 − c−c13 ,
α2 =
1
2
α1 +
(c14 − 2c13) (3c2 + c13 + c14)
c123(2− c14) . (3.5)
Here via ≡ x˙ia is the velocity of a-th body along xi-
direction, Ωa is the binding energy of a-th body. For
J0337 [11], we have Ω1 (for pulsar) =−2.56955 × 1046
J, Ω2 (for inner WD)=−9.75554 × 1040 J, Ω3 (for outer
WD)=−2.12650 × 1042 J. where cT , cV and cS are the
speeds of the tensor, vector and scalar modes, given
by Eq.(A.7) in Appendix A, in which the definitions
cijk ≡ ci + cj + ck and cij ≡ ci + cj are given.
In Fig. 13, we plot the radiation power in æ-theory
of the parts A, B and C separately, for about 500 days.
Again, the inserted images are from day 12 to day 26.
Note that at every moment during the 252 days in the
plot, the A part of æ-theory is quite close to that of GR
with the relative difference proportional to c14 [22],
PæA
PGR
− 1 ' O(c14) . O(10−5). (3.6)
From this figure, it is also clear that the dipole part C
has almost the same amplitude as that of the quadrupole
part A, while the monopole part B is suppressed by a
factor c14 [22]. The large magnitude of the dipole con-
tribution C seemingly contradicts to the analysis given
in [22]. In particular, Eq.(3.13) in [22] shows that
WNSC /WNSA ' 10−2, where
WA ≡ 8
15
A (12v2 − 11r˙2) ,
WC ≡ CΣ2, (3.7)
where A, C and Σ are all given explicitly in [22]. How-
ever, in deriving WNSC /WNSA ' 10−2 we assumed that
O (v2) ' 10−5, while in the case of J0337 we find that
the relative velocities of the inner binary system are of
the order of O (v2) ' 10−7. After this is taken into ac-
count, we find thatWC/WA ' O(1) for the current triple
system.
It is remarkable to note that, with the multi-band
gravitational wave astronomy [16], joint observations of
GW150914-like by LIGO/Virgo/KAGRA and LISA will
improve bounds on dipole emission from black hole bina-
ries by six orders of magnitude relative to current con-
straints [30]. Thus, it is very promising that the third
generation of detectors, both space-borne and ground-
based, could provide severe constraints on æ-theory.
FIG. 13: The instantaneous (time un-averaged) radiation
power in æ-theory. Here the A, B and C parts are plotted
separately. The inserted plots shows only 14 days.
In BD gravity, following [25] we obtain
PBD = PBD1 + P
BD
2 , (3.8)
where
PBD1 =
1
φ0
〈
1
5
...
Qij
...
Qij
〉
,
PBD2 =
1
φ0
〈
2ω + 3
pi
[
4pi
3
M¨ i1M¨
i
1
+
pi
12
( ...
M
ii
2
...
M
jj
2 + 2
...
M
ij
2
...
M
ij
2
)]〉
, (3.9)
where M i1 and M
ij
2 are defined by Eq.(2.29). Note that
in writing down the above expressions, we had dropped
the non-propagating terms.
In Fig. 14, we plot the radiation power in BD gravity
for about 500 days, where the inserted image shows the
details only from day 12 to day 26. Note that at every
moment during the 500 days, the first part of BD is quite
close to that given in GR. In fact, we find that
PBD1
PGR
− 1 ' O (ω−1BD) . O(10−5). (3.10)
IV. CONCLUSIONS
In this paper, we studied the gravitational waveforms,
their polarizations and Fourier transforms, as well as the
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FIG. 14: The instantaneous (time un-averaged) radiation
power in BD gravity. Here the part 1 and 2 are plotted,
separately. The inserted plots shows only 14 days
radiation powers of the relativistic triple systems PSR
J0337 + 1715, observed in 2014 [11]. This system consists
of an inner binary and a third companion. The inner
binary consists of a pulsar with mass m1 = 1.44M⊙
and a white dwarf with mass m2 = 0.20M⊙ in a 1.6 day
orbit. The outer binary consists of the inner binary and a
second dwarf with massm3 = 0.41M⊙ in a 327 day orbit.
The two orbits are very circular with its eccentricities
eI ' 6.9×10−4 for the inner binary and eO ' 3.5×10−2
for the outer orbit. The two orbital planes are remarkably
coplanar with an inclination . 0.01o [See Fig. 1].
Our studies were carried out in three different theo-
ries, GR, BD gravity, and æ-theory. In GR, only the
tensor mode exists, so a GW has only two polarization
modes, the so-called, plus (h+) and cross (h×) modes.
Their amplitudes and Fourier transforms are plotted in
Figs. 2 - 4, from which it can be seen that their ampli-
tude is about 10−23, while their frequencies are peaked in
two locations, f+,×1 = 0.068658µHz (for the outer orbit)
and f+,×2 = 14.212µHz (for the inner orbit), respectively.
These are about two times of the inner and outer orbital
frequencies of the triple system, and agree well with the
GR predictions [20].
In æ-theory, all the six polarization modes are differ-
ent from zero, but the beating (hb) and longitudinal (hL)
modes are not independent and are related to each other
by Eq.(2.12). In comparing with h+ and h×, however,
they are suppressed by a factor c14 which is observation-
ally restricted to c14 . 10−5 [23]. A somehow surpris-
ing result is that the two peaked frequencies are not two
times of those of the inner and outer orbital frequen-
cies of the triple system. Instead, they are about equal
to them, f b,L1 = 0.045772µHz (for the outer orbit) and
f b,L2 = 7.0947µHz (for the inner orbit) [Cf. Fig. 7].
The effects of the parameters ci’s on h
æ
b and h
æ
L were
also studied in detial, and in particular we found that
their amplitudes are weekly dependent on the choices of
these parameters, while the frequencies of their Fourier
transforms remain the same.
The other two independent polarization modes in æ-
theory are the vector modes, hX and hY , which are
all proportional to c13. The current observations from
GW170817 [7] and GRB 170817A [31] on the speed of
the tensor mode requires c13 . 10−15. Therefore, these
two modes are highly restricted by the limit of the speed
of the tensor mode.
We also studied the radiation power due to the tensor,
vector and scalar modes in æ-theory, and three differ-
ent parts were plotted in Fig. 9. The amplitude of the
quadrupole part (A), contributed from all of these three
modes, tensor, vector and scalar [22, 28] is quite compa-
rable with that of GR. But, the monopole (B) part has
contributions only from the scalar mode, while the dipole
(C) part has contributions from both the scalar and vec-
tor modes, but does not have any contributions from the
tensor mode, as expected [22, 28]. The monopole part
is suppressed by a factor c14 . O
(
10−5
)
, but the dipole
part is almost in the same order of the quadrupole part.
With the arrival of the multi-band gravitational wave
astronomy [16], joint observations of GW150914-like by
LIGO/Virgo/KAGRA and LISA will improve serve con-
straints on the dipole emission [30]. Thus, the multi-band
gravitational wave astronomy will provide a very promis-
ing direction to constrain æ-theory.
We also carried out similar studies in BD gravity, and
the relevant quantities were plotted in Figs. 2 - 7 and
10. Due to the severe observational constraint on the
BD parameter ωBD & 105, we did not find significant
deviations from GR, except that the frequency of the
breathing mode hb is also peaked in two locations, f
b
1 =
0.045772µHz and f b2 = 7.0947µHz, which are about the
outer and inner orbital frequencies of the triple system,
quite similar to that in æ-theory [Cf. Fig. 7] but with a
low amplitude.
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Appendix A: Einstein-aether Theory
In this appendix, we shall give a brief introduction to
Einstein-aether Theory. For detail, we refer readers to
Jacobson’s review [14], and [22] for recent development.
In æ-theory, the fundamental variables are [32],
(gµν , u
µ, λ) , (A.1)
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where gµν is the four-dimensional metric of the space-
time, uµ is the aether four-velocity, and λ is a Lagrangian
multiplier, which guarantees that the aether four-velocity
is always timelike. The general action of æ-theory is given
by [14],
S = Sæ + Sm, (A.2)
where Sm denotes the action of matter, and Sæ the grav-
itational action of the æ-theory, given by
Sæ =
1
16piGæ
∫ √−g d4x[R(gµν) + Læ (gµν , uα, λ) ],
Sm =
∫ √−g d4x[Lm (gµν , uα;ψ) ]. (A.3)
Here ψ collectively denotes the matter fields, R and g
are, respectively, the Ricci scalar 3 and determinant of
gµν , and
Læ ≡ −Mαβ µν (Dαuµ) (Dβuν) + λ
(
gαβu
αuβ + 1
)
,
(A.4)
where Dµ denotes the covariant derivative with respect
to gµν , and M
αβ
µν is defined as
Mαβ µν ≡ c1gαβgµν + c2δαµδβν + c3δαν δβµ − c4uαuβgµν .
(A.5)
The four coupling constants ci’s are all dimensionless,
and Gæ is related to the Newtonian constant GN via the
relation [33],
GN =
Gæ
1− 12c14
, (A.6)
where cij ≡ ci + cj .
It is easy to show that the Minkowski spacetime is
a solution of æ-theory, in which the aether is aligned
along the time direction, u¯µ = δ
0
µ. Then, the linear per-
turbations around the Minkowski background show that
the theory in general possess three types of excitations,
scalar, vector and tensor modes [34], with their squared
speeds given, respectively, by
c2S =
c123(2− c14)
c14(1− c13)(2 + c13 + 3c2) ,
c2V =
2c1 − c13(2c1 − c13)
2c14(1− c13) ,
c2T =
1
1− c13 , (A.7)
where cijk ≡ ci + cj + ck.
Recently, the combination of the gravitational wave
event GW170817 [7], and the event of the gamma-ray
burst GRB 170817A [31] provides a remarkably stringent
constraint on the speed of the spin-2 mode,
− 3× 10−15 < cT − 1 < 7× 10−16, (A.8)
which, together with Eq.(A.7), implies that
|c13| < 10−15. (A.9)
Imposing further the following conditions: (a) the theory
is free of ghosts; (b) the squared speeds c2I (I = S, V, T )
must be non-negative; (c) c2I − 1 must be greater than
−10−15 or so, in order to avoid the existence of the vac-
uum gravi-Cˇerenkov radiation by matter such as cosmic
rays [35]; and (d) the theory must be consistent with
the current observations on the primordial helium abun-
dance |Gcos/GN − 1| . 1/8, where Gcos ≡ Gæ/(1+(c13+
3c2)/2) [33], together with Eq.(A.9) and the conditions,
|α1| ≤ 10−4, |α2| ≤ 10−7, (A.10)
from the Solar System observations [36], it was found
that the parameter space of the theory is restricted to
[23],
0 . c14 . c1, c14 . c2 . 0.095, c14 . 2.5× 10−5.
(A.11)
Finally, we note that the theoretical and observational
constraints of æ-theory and gravitational waves were also
studied in [37].
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